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ABSTRACT 

Radiation from a horizontal ring of radial electric dipoles whose 

strength varies as exp (in@) is calculated for an unbounded medium by 

the saddle point method of approximation. The cylindrical components 

of the radiated fields due to ring sources composed of radial, angular 

and vertical electric or magnetic dipoles, the amplitude of which varies 

as cos n@ (or sin n@), are presented in a tabular form. The analysis was 

performed* as a necessary preliminary to the analysis of the effects of 

the plasma sheath on the Unified S-band System Antenna radiation patterns 

and impedance. 

* Under Contract N A S 5 - 9 6 4 1  to the NASA Goddard Space Flight Center, 
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SECTION 1 

I NTRODUCTI ON 

This r e p o r t  de sc r ibes  an a n a l y t i c a l  s tudy  of t h e  r a d i a t e d  f i e l d  

mode s t r u c t u r e  of r i n g s  of d i p o l e s .  The s tudy  was performed a s  a  

necessary pre l iminary  t o  t h e  a n a l y s i s  of t h e  e f f e c t s  of t h e  re -en t ry  

plasma shea th  on t h e  r a d i a t i o n  p a t t e r n s ,  and impedance of t h e  Apollo 

Unif ied S-band System Antenna. 

On t h e  b a s i s  of t he  a n a l y s i s  of Reference 2, it was thought t h a t  an 

i d e a l  loop antenna whose a x i s  i s  perpendicu la r  t o  t h e  APOLLO v e h i c l e  sur -  

f ace  and c a r r y i n g  a  c u r r e n t  which v a r i e s  a s  s i n  + o r  cos  + w i l l  r a d i a t e  

t h e  same type  of f i e l d s  a s  an APOLLO Unif ied S-band System antenna,  which 

is  designed t o  launch a  TE mode. However, when t h i s  loop antenna was 
11 

chosen a s  t h e  source  of r a d i a t i o n  i n  a  plasma environ!nent, it was found 

t h a t  t h e r e  a r e  some b a s i c  i ncons i s t enc i e s  between t h i s  lilasma problem* 

and t h e  work of Reference 2 .  Therefore ,  i n  o rder  t o  f i nd  t h e  b a s i c  d i f -  

f e r ence ,  t h e  fol lowing a n a l y s i s  which corresponds t o  a s impler  c o n f i g u r a t i o n  

was c a r r i e d  o u t .  This shows t h a t  t h e  a n a l y s i s  performed i n  Reference 2 

i s  i n c o r r e c t .  

The gene ra l  importance of ga in ing  knowledge of t h e  r a d i a t e d  f i e l d s  

from r i n g  sources  composed of uniform o r  non-uniform e l e c t r i c  d i p o l e s  

o r i e n t e d  i n  t h e  r a d i a l ,  angular  and v e r t i c a l  d i r e c t i o n s  r e s p e c t i v e l y  of a  

c y l i n d r i c a l  coo rd ina t e  system ( r ,  +, z )  has  a l r eady  been recognized.  1 ,  2 

2 
However, t h e  r ec t angu la r  components of t h e  r a d i a t e d  f i e l d s  given by Knudsen 

seem t o  be  i n  e r r o r .  Therefore ,  t h e  purpose of t h i s  r e p o r t  is  t o  o u t l i n e  

a  method of eva lua t ion  of t he  f a r  f i e l d  of a  r i n g  of r&ddia l  e l e c t r i c  

d i p o l e s  which vary a s  exp (in$) i n  an unbounded medium and then  p r e s e n t  i n  

a t a b u l a r  form t h e  c y l i n d r i c a l  components of t he  r ad i a t ed  f i e l d s  due t o  

r i n g  sources  (Figure  1) c o n s i s t i n g  of r a d i a l ,  angular  and v e r t i c a l  

* This  a n a l y s i s  involving r a d i a t i o n  through t h e  plasma shea th  w i l l  be  

p resen ted  i n  a  s e p a r a t e  r e p o r t .  

1 
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(2 -d i r ec t ed )  e l e c t r i c  o r  magnetic d i p o l e s ,  t h e  ampli tude of which v a r i e s  

a s  cos  n0 ( o r  s i n  n 0 ) .  The f i e l d s  of t h e  magnetic d i p o l e s  can a l s o  be  

ob ta ined  from the  f i e l d s  produced by e l e c t r i c  d i p o l e s  by  employ!-2g d u a l i t y  

r e l a t i o n s .  

1 A .  I . .  
A RING OF VERTICAL ELECTRIC A RING OF ANGULAR ELECTRIC 
OR MAGNETIC DIPOLES OR MAGNETIC Dl POLES 

I-C 
. - .  

c, 
C - - - y A RING OF RADIAL ELECTRIC - / w OR MAGNETIC Dl POLES 

Figure  1 Ring Source Configurat ion 
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SECTION 2 

ANALYTI CAL PROCEDURE 

For t h e  p r e s e n t  i n v e s t i g a t i o n .  we express  Maxwell 's equa t ions  w i t h  

e l e c t r i c .  J. and magnetic.  M. sources  i n  t h e  fol lowing manner i n  c y l i n d r i c a l  

c o o r d i n a t e s  [suppress ing t h e  assumed t ime dependence exp (-iat) ] : 

2 a2 a a A (K + --) E =-C E + i rnvI7 H x Z - imp Jt-, gt x zo 
2 -t a z  t Z  / t  z, -o a z 

2 2 .. K = O V t  
A a A  

where f o r  any vec to r  P = -t P + - o z  2 P and = v t +  go s: go being  t h e  

u n i t  vec to r  i n  t h e  z -d i r ec t ion .  

The r e l a t i o n s  (1) t o  ( 4 )  sugges t  t h a t  i f  t h e  

M and Mm w i l  t h e  coo rd ina t e s  r . @ . z ,  then J r ,  J,, 

components of t h e  g and - H ,  whereas JZ and MZ w i l l  

f i e l d s  Hz and E z  r e s p e c t i v e l y  i n  ail unbounded reg 

The r i n g  sources  J and g can be represen ted  

sources  depend on 

1 e x c i t e  a l l  t h e  

no t  gene ra t e  t h e  

. ion.  

i n  t h e  fol lowing 

manner ; 

k f i  Y M = 1  
J " 1  - 
m -62 --m 

a l l  
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C where a  i s  t h e  r a d i u s  o f  t h e  r i n g ,  1 and a r e  t h e  u n i t  v e c t o r s  in 
-e T 

t h e  d i r e c t i o n  o f  e l e c t r i c  and magne t i c  d i p o l e s  r e s p e c t i v e l y .  The 

q u a n t i t i t e s  and m a r e  t h e  c o n s t a n t  ampl i tudes  o f  J and M r e s p e c t i v e l y o  

The f u n c t i o n  f  ( @ )  may b e  one o f  exp ( i n @ )  , c o s  n@ and s i n  n@ , n  b e i n g  

a n  i n t e g e r .  For a  r i n g  o f  r a d i a l  e l e c t r i c  d i p o l e s ,  we assume 

f  ( @ )  = exp ( i n @ ) ,  E = e  in@ ( r ,  Z )  and H z = i e  in@ $ ( r , z ) .  I f  S ( r , z )  
z  I n  2n 

i s  any w e l l  behaved f u n c t i o n  o f  r and z ,  we i n t r o d u c e  i t s  F o u r i e r  

t r a n s f o r m  i n  t h e  fo l lowing  manner; 

.J 
-a3 -CO 

A 
12 J. (r. c )  i s  t h e  F o u r i e r  t r a n s f o r m  of  I) ( r ,  z )  t h e n  it can b e  

11 n  
shown t h a t ,  

A 
and where 3 s a t i s f i e s  t h e  f o l l o w i n g  inhomogeneous d i f f e r e n t i a l  e q u a t i o n ;  

n  

T h e r e f o r e ,  $ can b e  expressed  a s ,  
n  

where f o r  r < a ,  r = r ,  r = a and f o r  r > a ,  r = a ,  r = r .  < > < > 
NOW, f o r  r > a ,  EZ and HZ can  be  expressed  i n  t h e  f o l l o w i n g  manner 

by  employing i n v e r s e  F o u r i e r  t r a n s f o r m  t o g e t h e r  w i t h  t h e  u s e  o f  ( 9 )  and 
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and  

3 
Using the standard procedure , the asymptotic values of (10) and (11) 

for \ " ~ \ r ( >  > 1 can be given by (with r = R sin 8, z = R cos 8) 

u ,in@ i n  in@ 
E *  2 sin 28 Qn: and HZ z e 
z a 

F 
n 

where, 

iK~-inn/2 iK~-inn/2 
e e 

F = J (Ka sin 8) and 
Qn= 477-R 

J ' (Ka sin 8) 
n 4nR n n 

All other components can be calculated by using (l), ( 2 ) ,  (12) and 

(13) * 
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SECT1 ON 3 

RESULTS 

Fol lowing t h e  above p rocedure ,  a l l  t h e  c y l i n d r i c a l  components o f  t h e  

r a d i a t e d  e l e c t r o m a g n e t i c  f i e l d s  due t o  v a r i o u s  r i n g  s o u r c e s ,  t h e  ampl i tudes  

o f  which v a r y  a s  c o s  n@, were c a l c u l a t e d  and a r e  p r e s e n t e d  i n  Tab le  1. T o  

o b t a i n  r e s u l t s  f o r  r i n g  s o u r c e s  which v a r y  a s  s i n  n@ from t h e  c -o r respond i~ :  

t a b u l a t e d  r e s u l t s ,  one h a s  t o  change C O s  n@ t o  s i n  n@ and s i n  nth t o  -cos  no. 

Thus, knowing t h e  r e s u l t s  f o r  b o t h  t h e  a n g u l a r  v a r i a t i o n s ,  c o s  11@ and 

s i n  n@ of  t h e  r i n g  s o u r c e ,  one may e a s i l y  c a l c u l a t e  t h e  r a d i a t e d  f i e l d s  

due t o  a  r i n g  s o u r c e  of  a r b i t r a r y  a n g u l a r  v a r i a t i o n s  which can b e  ex- 

p r e s s e d  a s  t h e  l i n e a r  s u p e r p o s i t i o n  of  c o s  n@ and s i n  n@ ( i n c l u d i n g  t h e  

angu la r  v a r i a t i o n  e x p  ( i n $ ) ) .  A c l o s e  i n s p e c t i o n  of  t h e  t a b u l a t e d  

r e s u l t s  shows t h a t  though a  uniform ( i . e . ,  n  = 0) e l e c t r i c  c u r r e n t  

i n  a  loop ( o r  r i n g )  may b e  r e p r e s e n t e d  by  a  magnetic  d i p o l e ,  a  non- 

uniform ( n  # 0) e l e c t r i c  c u r r e n t  i n  a  loop  cannot  b e  r e p r e s e n t e d  

by a magnet ic  d i p o l e  a l o n e .  This  s t a t e m e n t  can a l s o  b e  j u s t i f i e d  

through an a p p r o p r i a t e  d i s p l a y  o f  Maxwell 's  e q u a t i o n s  w i t h  s o u r c e s  

a s  shown i n  (1) t o  ( 4 )  . 
The r e c t a n g u l a r  and s p h e r i c a l  components of  t h e  f i e l d s  can a l s o  

b e  ob ta ined  from t h e  c y l i n d r i c a l  components b y  u s i n g  t h e  fo l lowing  

r e l a t i o n s :  

A = A  s i n  8 + A c o s 6 ;  A = A  cos  B--- A s i n e ;  
R r z 6' r z 

A = A$ 
@ ( l 4 b )  

where t h e  vector - A r e p r e s e n t s  e i t h e r  E or 2.  
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SECTION 5 

LIST OF SYMBOLS 

E = T r a n s v e r s e  (x and y)  p a r t  of the e lec t r i c  f ield -t 
vector ,  of which the longitudinal p a r t  is E 
(z-  component) z 

H = T r a n s v e r s e  p a r t  of the magnetic f ield vector  
-t 

Mt  
= T r a n s v e r s e  p a r t  of the  magnetic cu r r en t  vector ,  . 

J = T r a n s v e r s e  p a r t  of the e lec t r i c  cu r r en t  
-t 

vector ,  J - 

a - = F i r s t  derivative with r e spec t  to  the coordinate z 
a z 

5 = Unit vector  in the z - direct ion 

w = Angular f requency of the antenna 

Po 
= Permeabi l i ty  of vacuum 

E = Permi t t iv i ty  of vacuum 
0 

E , H = z-component of the vec to rs  E and H respect ively  
z Z - - 

7 L  = Laplacian operator  

A - and P - = a r b i t r a r y  vec to r s  

f ( + )  = A function of 

Subscr ip ts  r, @, z at tached to a quantity r ep r e sen t  

r ,  + and z cyl indr ical  components respect ively  of a vector.  
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$,(I?, z ) ,  S ( r ,  z )  arc. s c a l a r  functions of r  and z. 

A h A A 
s ( 9  $ 5 + 2 n ( r l  i) and $,(r, t;) a r e  Fou r i e r  t r a n s f o r m  

o i  S r .  z  $ (I- ,  z), $Zn( r ,  Z )  and $ ( r ,  z )  respect ively  with 
111 n 

r e spec t  to -i t ;  z ,  
e  

L = Trans fo rm  var iable  of Fou r i e r  T rans fo rm  

?," = K 2 - &  2 

b ( r  -a ) ,  6 ( z )  = Di rac ' s  del ta  functions 

a =- rad ius  of the r ing souc re s  

/1\ 
1 = Unit vector  in the direction of the e lec t r i c  
-e 

c u r r e n t  

'! 
1 = Unit vector  in the di rect ion of the magnetic 
-m cu r r en t  

f = Strength o r  ampli tude of the e lec t r i c  cu r r en t  J - 

m = Strength o r  ampli tude of the magnetic cu r r en t  M - 

J ( k  a s i n9  ) = B e s s e l  Function of the f i r s t  kind and n 
o rde r  n with the a rgument  k a  s i n9  

J ' ( k a  s i n e )  = Derivative of J ( k a  s ine)  with r e spec t  to i t s  n n 
a rgument  




